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JIA-MING (FRANK) LIOU
Abstract. Let X be a complex hyperelliptic curve of genus two equipped with
the canonical metric ds2. We study mean field equations on complex hyper-
elliptic curves and show that the Gaussian curvature function of (X, ds2)
determines an explicit solution to a mean field equation.
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1. Introduction
Mean field equations came originally from the study of prescribing (Gaussian) curvature
problems in differential geometry. In [2], [3], Lin and Wang studied the mean field equation
of the following type
(1.1) ∆u+ ρeu = ρδ0, ρ ∈ R+
on a flat torus T where ∆ is the Laplace-Beltrami operator on T. They discovered in [2]
that when ρ = 8π, (1.1) has a solution if and only if the set of critical points of the Green’s
function on T contains points other than the three half-period points. In a recent paper [1],
Chai and Lin and Wang showed that when ρ = 4π(2n+1), where n is nonnegative integer,
the number of solutions to (1.1) is n+1 except for a finite number of conformal isomorphism
classes of flat tori and when ρ = 8πn, where n is a positive integer, the solvability of (1.1)
depends on the moduli space of flat tori. In this article, we consider the following mean
field equation
(1.2) ∆u+ ρeu = 4π
m∑
i=1
niδPi
on a compact Riemann surface X of genus two with a hermitian metric ds2, where ρ and
ni are some integers and {Pi} are distinct points on X. When ds2 is the canonical metric
on X, we can prove that the Gaussian curvature function of (X, ds2) determines an explicit
solution to (1.2). In this case, m = 6 and ni = 1 and Pi are the Weierstrass points of X
for 1 ≤ i ≤ 6. Furthermore, we also discover that given any finite subset of distinct points
{Q1, · · · , Qs} of X and any finite set of natural numbers {m1, · · · ,ms}, for a certain choice
of nonnegative continuous function h on X, there exists a real valued function v defined and
smooth on X \{Q1, · · · , Qs, P1, · · · , P6} so that v satisfies the following mean field equation
(1.3) ∆v(x) + ρh(x)ev(x) = 4π
6∑
i=1
δPi − 2π
s∑
j=1
mj(δQj + δι(Qj))
1
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where ι : X → X is an involution onX and ρ is some integer. The existence of the involution
on X is due to the fact that any genus two compact Riemann surface is hyperelliptic. Let
us formulate the precise statements of our main results as follows.
Let X be a compact Riemann surface1 of genus g ≥ 2 and ds2 be any hermitian metric
on X. The Gauss-Bonnet theorem tells us that∫
X
Kdν = 2πχ(X) = 4π(1− g) < 0,
where K is the Gaussian curvature function of (X, ds2) and dν is the volume form of
(X, ds2). Then the open set U = {P ∈ X : K(P ) < 0} is nonempty. Let µ : X → Jac(X) be
the Abel-Jacobi map and ds˜2 be the standard flat metric on Jac(X). The canonical metric
on X is the pull back metric µ∗ds˜2. Now let ds2 be the canonical metric on X and K be the
corresponding Gaussian curvature function. It is not difficult to show that K is nonpositive
on X, for example, see Section 2, or [4]. Let Z be the set of zeros of K. Then U = X \Z. In
[4], Lewittes shows that Z is nonempty if and only if X is a hyperelliptic Riemann surface
and Z is the set of all Weierstrass points of X. As a consequence, the subset Z of X is
either empty or a finite subset of X. If X is not a hyperelliptic Riemann surface, U = X.
When X is a compact Riemann surface of genus two, X is hyperelliptic. Then we have the
following result:
Theorem 1.1. Let (X, ds2) be a compact Riemann surface of genus g = 2 where ds2 is
the canonical metric on X. Define a function u : X \ Z → R by u = log(−K), where
Z = {P1, · · · , P6} is the set of all Weierstrass points of X. Then u is smooth on X \ Z and
satisfies the following mean field equation:
(1.4) ∆u+ 6eu = 4π
6∑
i=1
δPi .
Here δP : C
∞(X) → R is the Dirac delta function defined by δP (ϕ) = ϕ(P ) for any
ϕ ∈ C∞(X) and for any P ∈ X.
Since any hyperelliptic Riemann surface of genus g is conformally equivalent to the com-
pactification of an affine plane curve y2 = f(x) over C, where f(x) is a complex polynomial
of degree 2g+1 or 2g+2. The compactification of the complex affine plane curve y2 = f(x)
is a complex smooth projective curve, called a complex hyperelliptic curve. We will prove
Theorem 1.1 in the case when X is a complex hyperellptic curve defined by the polynomial
equation y2 = f(x).
Let X be the complex hyperelliptic curve of genus g defined by y2 = f(x). For every
point P ∈ X, we will construct a nonnegative continuous function FP : X → R in Section
3 such that the zero set of FP is {P} and FP is smooth on X \ {P}. If D =
∑
P∈X nPP
is a divisor on X, we define FD =
∏
P∈X F
nP
P . Then FD is smooth and nonnegative on
X \ supp(D). Let Eff(X) be the vector subspace of C(X;C), the space of complex valued
continuous functions on X, spanned by 1 and FD where D runs through all effective divisors
on X. We discover that Eff(X) is a unital filtered ∗-subalgebra of C(X,C) whose closure
in C(X,C) is isomorphic to the algebra of complex valued continuous functions on the one
dimensional complex projective space P1 (with respect to the complex analytic topology).
Theorem 1.2. Let X be a complex hyperelliptic curve of genus 2 and {P1, · · · , P6} be the
set of all Weierstrass points of X. Given any set of positive integers {m1, · · · ,ms} and any
1All the Riemann surfaces in this paper are assumed to be connected.
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finite set {Q1, · · · , Qs} of distinct points on X such that Pi 6∈ {Q1, · · · , Qs} for 1 ≤ i ≤ 6,
the following mean field equation
(1.5) ∆v(x) + 2
(
6−
s∑
i=1
mi
)
FD(x)e
v(x) = 4π
6∑
i=1
δPi − 2π
s∑
j=1
mj(δQj + δι(Qj))
on X always posses a solution v defined and smooth on X \{P1, · · · , P6, Q1, · · · , Qs}, where
D is the divisor on X defined by D =
∑s
i=1miQi and ι : X → X is the hyperelliptic
involution on X.
AcknowledgementsWe are indebted to Prof. C.S. Lin and Prof. C. L. Wang from the
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them, this paper would not appear. The author was partially supported by MOST 104-
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which helped to improve the manuscript.
2. The Gaussian curvature function of the canonical metric on Compact
Riemann surfaces
In this section, we will briefly review some materials in [4] which we need in this paper.
Let X be a compact Riemann surface of genus g ≥ 2 and ΩX be the sheaf of holomorphic
one forms on X. The space H0(X,ΩX) of global sections of ΩX is a complex vector space
of dimension g while the integral homology group H1(X,Z) of X is a free abelian group
of rank 2g. Choose a symplectic Z-basis {a1, · · · , ag, b1, · · · , bg} for the integral homology
groupH1(X,Z) ofX with respect to the intersection form onH1(X,Z) and choose a complex
basis {ω1, · · · , ωg} for H0(X,ΩX). For each 1 ≤ i, j ≤ g, we denote by∫
aj
ωi = αij ,
∫
bj
ωi = βij .
Denote the g×g complex matrices (αij)1≤i,j≤g and (βij)1≤i,j≤g by A and B respectively. The
g× 2g complex matrix (A,B) is called a period matrix for X. When A is the g× g identity
matrix Ig = (δij)1≤i,j≤g, the period matrix is said to be normalized with respect to the
basis {a1, · · · , ag, b1, · · · , bg}.When the period matrix is normalized, the basis {ω1, · · · , ωg}
forms an orthonormal basis for H0(X,ΩX ) with respect to the hermitian inner product
(2.1) 〈ω, η〉H0(X,ΩX ) =
i
2
∫
X
ω ∧ η.
Let Λ be the lattice of Cg generated by the column vectors of the period matrix (A,B).
The Jacobian variety Jac(X) is the complex torus Jac(X) = Cg/Λ. Let P0 be a based point
of X. The Abel Jacobi map µ : X → Jac(X) is defined to be
µ(P ) =
(∫ P
P0
ω1, · · · ,
∫ P
P0
ωg
)
mod Λ.
Let ds˜2H =
∑g
i=1 hijdzi ⊗ dzi be a hermitian metric on Cg where (z1, · · · , zg) is the
complex coordinate on Cg and H = (hij) is a g × g complex positive definite hermitian
matrix. The hermitian metric ds˜2H on C
g induces a Ka¨hler metric on Jac(X). We use the
same notation ds˜2H for the induced metric of ds˜
2
H on Jac(X). The canonical metric ds
2
H on
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X is the pull back metric µ∗ds˜2H via µ, i.e. ds
2
H = µ
∗ds˜2H . Since (zi ◦ µ)(P ) =
∫ P
P0
ωi, by
simple computation µ∗dzi = d(zi ◦ µ) = ωi. We find that
ds2H =
n∑
i,j=1
hijωi ⊗ ωj.
Let (zα, Uα) be a complex local chart on X and fi(zα)dzα be the local representation of
ωi with respect to (zα, Uα). Let fα : Uα → Cg be the holomorphic map
f(zα) = (f1(zα), · · · , fn(zα)).
Then the local representation of ds2H with respect to (zα, Uα) is given by
ds2H = 〈fα, fα〉Hdzα ⊗ dzα,
where 〈z, w〉H =
∑g
i,j=1 hijziwj for any z = (z1, · · · , zg) and w = (w1, · · · , wg) in Cg. The
Riemann Roch Theorem tells us that {ω1, · · · , ωg} do not have common zeros. The function
ρα = 〈fα, fα〉H on Uα is positive. By a simple computation, the Gaussian curvature function
on Uα has the expression
K(zα) = −1
2
∆ log ρα = −2Szα(ρα)
ρ3α
,
where Szα(ρα) = 〈f ′α, f ′α〉H〈fα, fα〉H−|〈f ′α, fα〉H |2 . By Cauchy-Schwarz inequality on (Cg, 〈·, ·〉H ),
Szα(ρα) is a nonnegative function on Uα, i.e. Szα(ρα) ≥ 0 on Uα. As a result, the Gaussian
curvature K is a nonpositive function on X. As we have mentioned in the introduction,
Lewittes proved in [4] that K is negative when X is not a hyperelliptic Riemann surface.
Now let us study the function K when X is a hyperelliptic Riemann surface.
A compact Riemann surface of genus g ≥ 2 is hyperelliptic if it admits a positive divisor
D of degree two such that l(D) ≥ 2 or equivalently there exists a nonconstant meromorphic
function π in L(D) such that π : X → P1 is a degree two ramified covering map. A hyperel-
liptic Riemann surface is conformally equivalent to the compactification of the nonsingular
affine plane curve
C0 = {(x, y) ∈ C2 : y2 = f(x)}
over C where f is a complex polynomial of degree 2g + 1 or 2g + 2 with distinct complex
roots. In this section, we will consider the case when deg f = 2g + 2 and review some
basic facts from [5] describing the compactification of C0. (The proof of Theorem 1.1 in
the case when deg f = 2g + 1 is the same as that in the case when deg f = 2g + 2.)
Suppose that f(x) =
∏2g+2
k=1 (x − ei) where {e1, · · · , e2g+2} are distinct complex numbers.
Let g(z) =
∏2g+2
k=1 (1−eiz). Then g(z) = z2g+2f(1/z). Let C ′0 be the affine nonsingular plane
curve {(z, w) ∈ C2 : w2 = g(z)}. Let U0 be the affine open subset of C0 consisting of points
(x, y) such that x 6= 0 and U ′0 be the affine open subset of C ′0 consisting of points (z, w)
such that z 6= 0. There is an isomorphism ϕ : U0 → U ′0 defined by ϕ(x, y) = (1/x, y/xg+1).
The compactification X of C0 is the gluing of C0 and C
′
0 along the isomorphism ϕ. We set
∞± = (0,±1) on C ′0. The degree two ramified covering map π : X → P1 is given by
π(P ) =
{
(x(P ) : 1) if P ∈ C0,
(1 : z(P )) if P ∈ C ′0.
Here (z0 : z1) is the homogenous coordinate on P
1. The Weierstrass points ofX are the 2g+2
branched points {P1, · · · , P2g+2} of π such that (x(Pk), y(Pk)) = (ek, 0) for 1 ≤ k ≤ 2g +2.
Denote Z = {P1, · · · , P2g+2}. We will show that the set Z is exactly the zero set of K.
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It is well known that H0(X,ΩX) consists of one form of the form F (x)dx/y where F
is a polynomial in x of degree at most g − 1 and that {xi−1dx/y : 1 ≤ i ≤ g} forms a
basis for H0(X,ΩX), for example, see [5] and [6]. We choose a symplectic homology Z-basis
{a1, · · · , ag, b1, · · · , bg} for H1(X,Z) and choose a basis {ω1, · · · , ωg} for H0(X,ΩX). This
defines the Abel Jacobi map µ : X → Jac(X) after fixing a based point of X. Let us write
ωi =
∑g
j=1 ajix
j−1dx/y for 1 ≤ i, j ≤ g, where (aij) is a g × g complex invertible matrix.
On Jac(X), we consider the standard flat metric ds˜2 = ds˜2H where H = Ig is the g × g
identity matrix. Then the canonical metric on X can be rewritten as
ds2 =
g∑
i=1
ωi ⊗ ωi =
 1
|y2|
g∑
k,j=1
ckjx
k−1xj−1
 dx⊗ dx,
where C = (ckj) is a g × g positive definite hermitian matrix defined by ckj =
∑g
i=1 akiaji
for 1 ≤ k, j ≤ g. When P 6= ∞± and P 6∈ W, the function x defines a local coordinate2
in an open neighborhood UP of P. In this case, log |y2| = log |f(x)| is a nonzero harmonic
function on UP . Define a holomorphic map f : UP → Cg by f(x) = (1, x, · · · , xg−1). If
ρ(x) =
〈f(x), f(x)〉C
|y2| ,
then ds2 = ρ(x)dx⊗ dx. Since log |f(x)| is harmonic on UP , we have
K(x) = − 2
ρ(x)
∂2
∂x∂x
log ρ
= − 2
ρ(x)
· ∂
2
∂x∂x
(log〈f(x), f(x)〉C − log |f(x)|)
= − 2|f(x)|〈f(x), f(x)〉3C
· S(f)(x)
where S(f)(x) = 〈f ′(x), f ′(x)〉C〈f(x), f(x)〉C − |〈f(x), f ′(x)〉C |2 on UP . Since
f ′(x) = (0, 1, 2x, · · · , (g − 1)xg−2) on UP ,
and is not parallel to f(x) = (1, x, x2, · · · , xg−1) at any point of UP as a vector in Cg, the
function S(f)(x) is always positive on UP and hence K is negative on UP .
When P =∞±, in a neighborhood UP of P =∞+ or P =∞−, the function z defines a
local coordinate on UP . Define g : UP → Cg by g(z) = (zg−1, zg−2, · · · , z, 1). If
ρ(z) =
〈g(z),g(z)〉C
|w2| ,
then ds2 can be rewritten as ρ(z)dz⊗ dz. Similarly, the Gaussian curvature function on UP
can be rewritten as
K(z) = − 2|w
2|
〈g(z),g(z)〉3C
S(g)(z).
Similar reason as above implies that S(g) is positive on UP for P =∞+ or P =∞−; hence
K < 0 on UP for P =∞+ or P =∞−.
In a neighborhood UPk of Pk, we choose ζ =
√
x− ek and define functions
fk : UPk → Cg by fk(ζ) = (2, 2(ζ2 + ek), · · · , 2(ζ2 + ek)g−1)
2If we want a coordinate ζ around P so that ζ(P ) = 0, you consider a change of coordinate ζ = x − x(P ) in a
neighborhood of P.
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and fk : Upk → C by fk(ζ) =
∏
1≤j≤2g+2,j 6=k(ζ
2+ek−ej). By definition. fk is a nonzero holo-
morphic function on UPk . Let ρk : UPk → R be the function ρk(ζ) = 〈fk(ζ), fk(ζ)〉C/|fk(ζ)|.
Then ds2 can be rewritten as ρk(ζ)dζ ⊗ dζ. Notice that on UPk , the function log |fk(ζ)| is
harmonic. Hence the Gaussian curvature has the following local expression
K(ζ) = −2 |fk(ζ)|〈fk(ζ), fk(ζ)〉C
· S(fk)(ζ)〈fk(ζ), fk(ζ)〉2C
Notice that f ′k(ζ) = 4ζgk(ζ) where gk(ζ) = (0, 1, 2(ζ
2 + ek), · · · , (g− 1)(ζ2+ ek)g−1) on UPk
and hence
S(fk)(ζ) = 4|ζ|2
(〈gk(ζ),gk(ζ)〉C〈fk(ζ), fk(ζ)〉C − |〈fk(ζ),gk(ζ)〉C |2)
Therefore we see that
K(ζ) = −2|ζ|2 |fk(ζ)|〈fk(ζ), fk(ζ)〉3C
· S˜(ζ),
where S˜(ζ) = 〈gk(ζ),gk(ζ)〉C〈fk(ζ), fk(ζ)〉C − |〈fk(ζ),gk(ζ)〉C |2. Since fk(ζ) and gk(ζ) are
not parallel at any point of UPk , Cauchy-Schwarz inequality implies that S˜(ζ) > 0 on UPk .
Moreover, since |fk(ζ)| is also positive on UPk and K(ζ) = 0 if and only if ζ = 0 in UP ,
K has only one zero at Pk in UPk (ζ = 0 corresponds to the point Pk on C.) We conclude
that when X is a complex hyperelliptic curve, the zero set Z of the Gaussian curvature K
coincides with the set of ramification points of π : X → P1, i.e. coincides with the set Z of
all Weierstrass points.
Now we are ready to prove Theorem 1.1. Define u : X\Z → R by u = log(−K). Then u is
smooth and on the deleted neighborhood UPk \{Pk}, the function u has the local expression
u = log(−K) = 2 log |ζ|+ log 2 + log |fk(ζ)|+ log S˜(ζ)− 3 log〈fk(ζ), fk(ζ)〉B .
The classical analysis tells us that the action of ∆ on log |ζ| in a neighborhood of Pk
contributes a Dirac measure 2πδPk centered at Pk. (This technique will be reviewed in a
later section in order to prove a more general result.) If we denote ∆u+ 6eu by Φ, then
(2.2) ∆u+ 6eu = Φ+ 4π
2g+2∑
k=1
δPk
as a distribution on X. When g = 2, Φ = 0 and thus (2.2) implies (1.2). In more detail,
when g = 2, the conformal factor of the canonical metric on X is given locally by
ρ(ζ) =

c11 + c12ζ + c21ζ + c22ζζ
|f(ζ)| on UP for P 6∈ {∞±} ∪ Z
c11ζζ + c12ζ + c21ζ + c22
|g(ζ)| on UP for P ∈ {∞±}
c11 + c12(ζ2 + ek) + c21(ζ
2 + ek) + c22|ζ2 + ek|2
|fk(ζ)| on UP for P = Pk.
and hence the corresponding Gaussian curvature function K is given locally by
K(ζ) =

−2|f(ζ)|detC
(c11 + c12ζ + c21ζ + c22ζζ)3
on UP for P 6∈ {∞±} ∪ Z
−2|g(ζ)|detC
(c11ζζ + c12ζ + c21ζ + c22)3
on UP for P ∈ {∞±}
−2|ζ|2|fk(ζ)|detC
43(c11 + c12(ζ2 + ek) + c21(ζ2 + ek) + c22|(ζ2 + ek)|2)3
on UP for P = Pk.
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These formulae give us local expression of the function u = log(−K). By direct computation,
we prove (1.4) or equivalently Φ = 0.
Let us prove that Φ 6= 0 when g > 2. Let P be a point on X such that x(P ) = 0 and
choose a coordinate neighborhood UP of P. On UP , we write ds
2 = ρ(x)dx ⊗ dx as before.
The function Φ has the following local expression on UP :
Φ = ∆ log φ =
4
ρφ2
(φxxφ− φxφx)
where φ = ρxxρ−ρxρx. Let Ck be the k×k principal submatrix [cij ]ki,j=1 of C for 1 ≤ k ≤ g.
After some elementary calculation, Φ(P ) = 16detC3/detC2. Since C is positive definite,
detCk > 0 for all 1 ≤ k ≤ g by basic linear algebra. Therefore Φ(P ) > 0. We proved our
assertion.
3. Mean field equations on hyperelliptic Curves
In this section, we letX be the complex hyperelliptic curve of genus g defined by y2 = f(x)
as above in Section 2 and ds2 be the canonical metric on X defined by the Abel-Jacobi map
µ : X → Jac(X), where µ is defined by the basis {ωi = xi−1dx/y : 1 ≤ i ≤ g} for H0(X,ΩX )
and by a(ny) symplectic basis for H1(X,Z). In this case, the canonical metric ds
2 on X has
the following expression:
(3.1) ds2 =
1
|y2|
(
g∑
i=1
|x|2(i−1)
)
dx⊗ dx.
Let σg : [0,∞)→ [0,∞) be the function defined by σg(t) = 1+ t+ · · ·+ tg−1 for t ≥ 0. Then
the canonical metric can be rewritten as
ds2 =
σg(xx)
|y2| dx⊗ dx.
Using σg, we can construct a nonnegative continuous function FP : X → R for each P ∈ X
as follows. For P ∈ X \ {∞±}, we define
FP (Q) =

|x(Q)− x(P )|
(σg(x(Q)x(Q))(1 + x(Q)x(Q))2)
1
2g+2
if Q ∈ C0,
|1− z(Q)x(P )|
(σg(z(Q)z(Q))(1 + z(Q)z(Q))2)
1
2g+2
if Q ∈ C ′0
and define F∞± : X → R by
F∞±(Q) =

1
(σg(x(Q)x(Q))(1 + x(Q)x(Q))2)
1
2g+2
if x is a coordinate around UQ for Q ∈ C0
|z(Q)|
(σg(z(Q)z(Q))(1 + z(Q)z(Q))2)
1
2g+2
if z is a coordinate around UQ for Q =∞±.
Example 3.1. When g = 2, σ2(t) = 1 + t. The function FP : X → R has the local
expression
FP (Q) =

|x(Q)− x(P )|√
1 + x(Q)x(Q)
if Q ∈ C0,
|1− z(Q)x(P )|√
1 + z(Q)z(Q)
if Q ∈ C ′0
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and define F∞± : C → R by
F∞±(Q) =

1√
1 + x(Q)x(Q)
if x is a coordinate around UQ for Q ∈ C0
|z(Q)|√
1 + z(Q)z(Q)
if z is a coordinate around UQ for Q =∞±.
Let ι : X → X be the hyperelliptic involution and extend ι to a group homomorphism
on Div(X) by sending D to ι(D) =
∑
P∈X nP ι(P ). For any divisor D =
∑
P∈X nPP on X,
we set
FD =
∏
P∈X
FnPP .
One sees that FD is smooth and positive on X\(supp(D)∪supp(ι(D))).When D is effective,
FD : X → R is a globally defined nonnegative continuous function on X whose zero set
coincides with supp(D) ∪ supp(ι(D)). It follows from the definition that Fι(P ) = FP for
any P ∈ X. By induction, Fι(D) = FD for any (effective) divisor D of X. Notice that the
hyperelliptic involution has 2g + 2 fixed points which are precisely the Weierstrass points
of X; thus ι(W ) =W where W =
∑2g+2
i=1 Pi is the Weierstrass divisor on X.
Let Z2 be the subgroup of the automorphism group Aut(X)
3 of X generated by the
hyperelliptic involution ι. Define a Z2 action on C(X,C) by (ι · f)(P ) = f(ι(P )) for P ∈
C. A (continuous) function f : X → C is said to be Z2-invariant if ι · f = f. The set
C(X,C)Z2 of all Z2-invariant complex valued continuous functions on X forms a unital
complex subalgebra of C(X,C). Since the quotient space X/Z2 is homeomorphic to P
1, the
algebra C(X,C)Z2 of Z2 invariant function is isomorphic to the algebra of complex valued
continuous functions C(P1,C) ∼= C(X/Z2,C) in the category of C∗-algebra.
Let Div+(X) be the set of all effective divisors on X and Eff(X) be the vector subspace
of C(X,C) spanned by {1, FD : D ∈ Div+(X)}. An element of Eff(X) can be represented as
a sum a0+
∑
D∈Div+(X) aDFD where a0 and aD are complex numbers such that aD = 0 for
all but finitely many effective divisors D. Since FD+D′ = FDFD′ for any D,D
′ ∈ Div+(X),a0 + ∑
D∈Div+(X)
aDFD
b0 + ∑
D′∈Div+(X)
bD′FD′

= a0b0 +
∑
D∈Div+(X)
b0aDFD +
∑
D′∈Div+(X)
a0bD′FD′ +
∑
D,D′∈Div+(X)
aDbD′FD+D′ .
This proves that Eff(X) forms a unital complex subalgebra of C(X,C). Since FD are all
real valued, F ∗D = FD for any D ∈ Div+(X). This implies that Eff(X) is a ∗-subalgebra of
C(X,C).
For each nonconstant element F = a0+
∑
D∈Div+(X) aDFD of Eff(X), we define the degree
of F to be degF = max{degD : aD 6= 0}. It follows from the definition that degFD = degD
for any D ∈ Div+(X). When F = a0 is a nonzero constant, we set degF = 0. For each
nonnegative integer i, we denote by Effi(X) = {F ∈ Eff(X) : degF ≤ i}. Then {Effi(X) :
i ≥ 0} forms a filtration for Eff(X) such that Eff(X) becomes a filtered algebra over C.
3We consider the conformal automorphism group of X.
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Theorem 3.1. The complex unital commutative filtered ∗-subalgebra Eff(X) of C(X,C)
forms a dense subalgebra of C(X,C)Z2 with respect to the infinity-norm.4 Hence the closure
of Eff(X) in C(X,C) is isomorphic to C(P1,C) in the category of C∗-algebra.
Proof. By definition ι ·FP = FP for any P ∈ X and hence FP is Z2-invariant. We can prove
by induction that FD are all Z2-invariant functions. Since the generating set {1, FD : D ∈
Div+(X)} of Eff(X) consists of Z2-invariant functions, Eff(X) ⊆ C(X,C)Z2 . To show that
the closure of Eff(X) in C(X,R) coincides with C(X,C)Z2 , we use the Stone-Weierstrass
Theorem. At first, we identify C(X,C)Z2 with C(P1,C) and identify FP with the function
fP : P
1 → C by fP ([Q]) = FP (Q) where Q is any representative of [Q] ∈ P1 = X/Z2. For
any [P ] 6= [Q] on P1, we choose a representative P of [P ] and take the function fP : P1 → C
defined above. Since [P ] 6= [Q], x(P ) 6= x(Q) or z(P ) 6= z(Q). Then fP ([P ]) = 0 6= fP ([Q]).
This shows that the algebra Eff(X) separates points of P1. Since P1 is a compact Hausdorff
space with respect to its complex analytic topology, by Stone-Weierestrass Theorem, Eff(X)
is dense in C(P1,C) with respect to the infinity norm. 
We remark that this proposition implies the Gelfand spectrum of the commutative C∗-
subalgebra Eff(X) of C(X,C) is P1 and that when the genus of the hyperelliptic curve is
two, the Gaussian curvature function K = −2FW is an element of the algebra Eff(X). In
fact, such a complex algebra Eff(X) can be defined using the notion of metrized effective
divisors on any smooth projective variety X. The general study of the algebra Eff(X) for a
smooth complex projective variety X will be given elsewhere.
Theorem 3.2. Let uP : X \{P, ι(P )} → R be the function defined by uP = log FP for each
P ∈ X. Then uP : X \ {P, ι(P )} → R is smooth and invariant under ι with uι(P ) = uP such
that ∆uP defines a continuous linear functional on the space C
∞(X,C) of complex valued
smooth functions on X (with respect to the Frechet topology) by
∆uP : C
∞(X,C)→ C, ϕ 7→ lim
ǫ→0+
∫
X\(Dǫ(P )∪Dǫ(ι(P )))
uP (x)∆ϕ(x)dν(x)
such that
(3.2) ∆uP =
1
g + 1
K − 4
g + 1
FW + 2π(δP + δι(P ))
Here Dǫ(Q) is a closed subset of X containing Q isomorphic to the ǫ-closed disk {z ∈ C :
|z| ≤ ǫ} in C.
Proof. Let Q be any point on X \ {P, ι(P )}. Without loss of generality, we may assume
that Q ∈ C0 and P 6= ∞±. Choose an open neighborhood of UQ in X \ {P, ι(P )} such
that x defines a local coordinate on UQ. (For the cases when Q ∈ C ′0 and P = ∞±, the
computations are the same.) On UQ, uP has the local expression
uP (x) = log FP (x) = log |x− x(P )| − 1
2g + 2
(log σ(x) + 2 log(1 + xx)) .
4The infinity norm of a complex continuous valued function f on a compact Hausdorff space X is defined to be
‖f‖∞ = supx∈X |f(x)|.
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Here σ(x) = σg(xx) on UQ. On UQ, |x−x(P )| is positive and hence log |x−x(P )| is harmonic
on UQ. We obtain that
∆uP (x) =
|f(x)|
σ(x)
4∂2
∂x∂x
uP (x)
=
4|f(x)|
σ(x)
· −1
2g + 2
·
(
σxx(x)σ(x) − σx(x)σx(x)
σ2(x)
+
2
(1 + xx)2
)
for any x ∈ UQ. On the other hand, the Gaussian curvature function has the local expression
K(x) = −2 |f(x)|
σ3(x)
· (σxx(x)σ(x) − σx(x)σx(x))
and FW (x) = |f(x)|/σ(x)(1 + xx)2 on UQ. It follows from the definition that on UQ,
(3.3) ∆uP (x) =
K(x)
g + 1
− 4
g + 1
FW (x).
Therefore (3.3) holds on X \ {P, ι(P )}. In a neighborhood UP of P, the local function
|x− x(P )| has a zero at P and hence log |x− x(P )| has a singularity at P. To deal with the
singularity of log |x− x(P )|, let us do the following analysis. We will do this analysis when
P is a Weierstrass point of X. When P is not a Weierstrass point of X, the computation is
similar and is left to the reader.
Let P = Pi be a Weierstrass point of X for 1 ≤ i ≤ 2g+2. We choose ǫ > 0 small enough
so that ζ =
√
x− ei defines a local coordinate on Uǫ(P ) = {Q ∈ C : |ζ(Q)| < 2ǫ}. Let
Dǫ(P ) be the closed subset of Uǫ(P ) consisting of points Q ∈ C so that |ζ(Q)| ≤ ǫ. By the
Green’s second identity,
(3.4)∫
X\Dǫ(P )
(uP (x)∆ϕ(x) −∆uP (x)ϕ(x))dν(x) =
∮
∂Dǫ(P )
(
uP (x)
∂ϕ
∂n
(x)− ∂uP
∂n
(x)ϕ(x)
)
ds,
where ds is the line element of the real boundary curve ∂Dǫ(P ) and n is the outer unit
normal vector field to ∂Dǫ(P ). On X \ {P}, (3.3) holds. We find that∫
X\Dǫ(P )
∆uP (x)ϕ(x)dν(x) =
∫
X\Dǫ(P )
(
K(x)
g + 1
− 4
g + 1
FW (x)
)
ϕ(x)dν(x).
By the continuities of K and FW and ϕ and the compactness of X together with the
Lebesgue dominated convergence theorem, we have
lim
ǫ→0+
∫
X\Dǫ(P )
∆uP (x)ϕ(x)dν = lim
ǫ→0+
∫
X
(
K(x)
g + 1
− 4
g + 1
FW (x)
)
ϕ(x)χX\Dǫ(x)dν(x)
=
∫
X
(
K(x)
g + 1
− 4
g + 1
FW (x)
)
ϕ(x)dν(x).
Here χA : X → C denotes the characteristic function of a (Borel measurable) subset A of
X. To compute the limit of the right hand side of (3.4) as ǫ tends to 0+, we use the local
properties of uP . On Uǫ(P ), the function uP has the local expression:
uP (ζ) = 2 log |ζ|+ α(ζ)
for some smooth function α : Uǫ(P ) → R. By compactness of the real curve ∂Dǫ(P ) and
the continuities of α and ∇ϕ, there exists M > 0 such that∣∣∣∣∣
∮
∂Dǫ(P )
α(ζ)
∂ϕ
∂n
ds
∣∣∣∣∣ ≤Mǫ.
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Similarly, we can find M ′ > 0 so that∣∣∣∣∣
∮
∂Dǫ(P )
2 log |ζ|∂ϕ
∂n
ds
∣∣∣∣∣ ≤M ′|ǫ log ǫ|.
By limǫ→0+ ǫ log ǫ = 0 and limǫ→0+ ǫ = 0, we see that
lim
ǫ→0+
∮
∂Dǫ(P )
uP
∂ϕ
∂n
ds = 0.
Let us compute ∮
∂Dǫ
∂uP
∂n
ϕds =
∮
∂Dǫ
ϕ
∂
∂n
(2 log |ζ|+ α(ζ)) ds.
Again, by compactness of ∂Dǫ(P ) and the continuities of ϕ and ∇α, we can find M ′′ such
that ∣∣∣∣∣
∮
∂Dǫ(P )
ϕ
∂α
∂n
ds
∣∣∣∣∣ ≤M ′′ǫ.
By taking ǫ→ 0+, the above integral converges to 0.
Let γ : [0, 2π] → ∂Dǫ(P ) be the parametrization of ∂Dǫ(P ) defined by γ(t) = ζ−1(ǫeit)
for t ∈ [0, 2π]. The arclength function of ∂Dǫ(P ) is given by
s(t) =
∫ t
0
ǫ
√
ρi(γ(u))du, t ∈ [0, 2π]
and the outernomal derivative of 2 log |ζ| along ∂Dǫ(P ) at γ(t) is −2/ǫ
√
ρi(γ(t)). Here ρi
is the conformal factor of the metric ds2 around P = Pi defined in Section 3. By simple
calculation,∮
∂Dǫ(P )
ϕ(ζ)
(
2
∂
∂n
log |ζ|
)
ds = −2
∫ 2π
0
ϕ ◦ ζ−1(ǫeit) 1
ǫ
√
ρi(γ(t))
· ǫ
√
ρi(γ(t))dt
= −2
∫ 2π
0
ϕ ◦ ζ−1(ǫeit)dt.
By continuities of ϕ and ζ, we find
lim
ǫ→0+
∫ 2π
0
ϕ ◦ ζ−1(ǫeit)dt = ϕ ◦ ζ−1(0) · 2π.
Since ζ−1(0) = P, we obtain that
lim
ǫ→0+
∮
∂Dǫ(P )
ϕ(ζ)
(
2
∂
∂n
log |ζ|
)
ds = −4πϕ(P ).
We conclude that
lim
ǫ→0+
∮
∂Dǫ(P )
(
uP (x)
∂ϕ
∂n
(x)− ∂uP
∂n
(x)ϕ(x)
)
ds = 4πϕ(P ).
As a consequence,
lim
ǫ→0+
∫
X\Dǫ(P )
uP (x)∆ϕ(x)dν(x) =
∫
X
(
K(x)
g + 1
− 4
g + 1
FW (x)
)
ϕ(x)dν(x) + 4πϕ(P )
when P = Pi is a Weierstrass point of X. This shows that
∆uP (x) =
K(x)
g + 1
− 4
g + 1
FW (x) + 4πδP
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as a continuous linear functional on C∞(X,C) when P is a Weierstrass point. 
For any divisor D =
∑
P∈X nPP on X, we define a distribution
δD : C
∞(X,C)→ C by δD(ϕ) =
∑
P∈X
nPϕ(P ).
One sees that δD =
∑
P∈X nP δP as a distribution on X and the map
δ : Div(X)→ C∞(X,C)′
sending D to δD is a group homomorphism. Define a group endomorphism on Div(X)
α : Div(X)→ Div(X) by
∑
P∈X
nPP 7→
∑
P∈X
nP (P + ι(P )).
Equation (3.2) can be rewritten as
(3.5) ∆uP =
1
g + 1
K − 4
g + 1
FW + 2πδα(P ) for any P ∈ X.
When the genus of X is two, K = −2FW and hence Equation (3.5) can be simplified into
the form
(3.6) ∆uP = −2FW + 2πδα(P )
for each P ∈ X.
For any divisor D ∈ Div(X), we define a smooth function
uD : X \ (supp(α(D)))→ R, by uD = log FD.
It follows from the definition that uι(D) = uD for any D ∈ Div(C) and
uD+D′ = uD + uD′ on X \ supp(α(D +D′)).
If we let Ξ(X) to be the set of all Z-linear combinations of {uP : P ∈ X}, then uD belongs
to Ξ(X) for any divisor D of X and the map
u : Div(X)→ Ξ(X), D 7→ uD
is an abelian group homomorphism.
Corollary 3.1. For any divisor D of X, uD is smooth on X \ supp(α(D)) so that ∆uD
defines a continuous linear functional on C∞(X,C) with
∆uD =
degD
g + 1
K − 4 degD
g + 1
FW + 2πδα(D)
When the genus of X is two, the above equation can be simplified to
∆uD = (degD)K + 2πδα(D).
The Corollary 3.1 implies that
Corollary 3.2. Let D be a divisor of degree 0 on X. Then ∆uD = 2πδα(D).
The first equation in Corollary 3.1 follows directly from Equation (3.5) and the addi-
tive properties of group homomorphism u : Div(X) → Ξ(X) and the second equation in
Corollary 3.1 follows from (3.6). Furthermore, when the genus of X is two, euW = FW and
α(W ) = 2W. In this case, we obtain the following equation
∆uW + 2(degW )e
uW = 4πδW
which coincides with the result in Theorem 1.1.
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Theorem 3.3. Let {Q1, · · · , Qs} be a set of s distinct points of X and {m1, · · · ,ms} be a
set of s positive integers. Denote the divisor
∑s
i=1miQi by D. Assume that {Q1, · · · , Qs}
contains no Weierstrass points of X. Then the following equation
(3.7) ∆v + 4ρ(D)FDe
v = ρ(D)K + 2πδα(W−D).
has a solution defined and smooth on X \ {Q1, · · · , Qs, P1, · · · , P2g+2}, where ρ(D) =
deg(W −D)/(g + 1).
Proof. Then D is an effective divisor on X. It is not difficult to see that the function
v = uW−D satisfies the following differential equation (3.7).

Now we are ready to prove Theorem 1.2. When the genus of X is two, Equation (3.7)
turns into the following differential equation
(3.8) ∆v + 2deg(W −D)FDev = 2πδα(W−D).
Notice that Equation (3.8) is equivalent to Equation (1.5). We complete the proof of
Theorem 1.2.
It is not clear to us, at this moment, how to construct all solutions to (1.2) or to (1.3). It
will be our future study to find the solution space to those mean field equations on complex
hyperelliptic curves.
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